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Abstract

Deductiveretrieval anddeductivesynthesigre two con-
ceptually closely related softwae developmentmethods
which applytheolemproving techniquego supportthecon-
structionof correctprograms.In this paperwedescribean
integration of both methodswvhich combinegheir comple-
mentarybenefiteandalleviatessomeof their drawbads.

The core of our integration is an algorithm which au-
tomatically extracts queriesfrom the synthesigroof state
and submitsthemto a specializedretrieval system. Re-
trieved componentsre then usedto close opensubgoals
in theproof. We usea higherorderframeavork for synthesis
in which higherorder meta-variablesre usedto represent
programfragmentsstill to be synthesizeddence theintro-
ductionof a new meta-variablds an attempto synthesiza
new fragmentand so highlightsa possiblereusestep. This
observationallows us to invole retrieval only after a sub-
stantialchangeratherthanat everyproof stepand prevents
overloadingtheretrieval medanism.

Our integration raisesthe granularity level of synthesis
by avoidinga substantiahumberof proof steps It alsopro-
videsa frameavorkfor adapting‘near-miss” component
the casethatan exactmatd cannotberetrieved.

1. Intr oduction

Deductvesynthesisnddeductveretrieval aretwo com-
plementaryyet contrastingapproacheso formal software
developmentDeductve synthesistartswith aformalspec-
ification and usesa theoremprover to derive newv pro-
gramsfrom this specification. In its generalform, it is a
decomposition-basethp-dovn approactorientedtowards
creatve systemdesign. Deductve retrieval is the appli-
cation of theoremproversto find existing componentgor
specifications As such,it is a composition-basedyottom-
up approaclandworkswith entitiesof smallerscalesuchas
component®r functions. Recently retrieval systemssuch
as NORA/HAMMR [18] and REBOUND [17] have shavn
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tractablewaysto scaleretrieval up to larger componenti-
braries.

In this papemwe investigateheintegrationof adeductve
retrieval systeminto adeductve synthesigramework in or-
der to maximizethe advantagesf both approaches.We
presentour ideasin the context of deductve tableausre-
interpretedn higherorderlogic asin [2, 3]. Suchhigher
order frameworks are well-suitedfor the creative aspects
of deductve synthesis.They give the designerfull control
over the emepging systemstructureas programfragments
yetto besynthesizedrerepresentetly meta-ariablesij.e.,
within the logic itself and not by ary extra-logical con-
structs. Implementationsare typically built on top of in-
teractive proof ervironmentswhich automatethe tedious
bookkeepingasks.Attemptsarebeingmadeatfull automa-
tion (e.g.,[1]) but thisis anelusive goal.

Themaintechnicaideaof ourintegrationis to extractre-
trieval queriesn theform of pre-/postconditionpairsauto-
maticallyfromthesynthesiproofstatewheneerit changes
substantially Thesequeriesare usedto retrieve library
componentsvhich arethen“pluggedinto” the proof state
by instantiatingmeta-\ariables.Theresultis aninteractve
systemfurtheraugmenteavith automategroceduresThe
userstill controlsthe synthesigrocessandthe automated
retrieval proceskicksin only in promisingsituations.

An integratedsystemprovidesgreatpotentialfor allevi-
atingdrawvbacksof theindividual approaches?uresynthe-
sis systemsgspeciallythosebasedon generalproof tech-
niguessuchasdeductvetableaugl1], donotscaleupwell,
asfor exampleobsenedby [8]:

“The mainproblemof generabpproachet pro-
gramsynthesiss thatthey forcethesynthesisys-
temto derive analgorithmalmostfrom scratch.”.

An integrated, dedicatedretrieval subsystemeffectively
allows synthesisto bottom-outin previously synthesized
componentisteadf thebuilt-in operatorof thelanguage
only andthushelpsto raisethe level of granularity Pure
retrieval systems,on the other hand, face problemsif no
matchingcomponentsanberetrievedfor agivenquery In



anintegratedsystemfurther synthesistepscanbeapplied
to provide a moredetailedquery or to adaptretrieved but
not perfectlymatchingcomponents.

This potentialcan,however, berealizedonly if two crit-
ical assumptionaremet: (7) theretrieval subsystenactu-
ally savesproofeffort and(ii) thesynthesisubsystendoes
not generatgtoo mary) uselessqueries. In our case,the
firstassumptiomoldsby constructioraswe utilize special-
ized, highly tunedretrieval systemavhich work fully auto-
matically, retrieving on averagemorethan85% of therele-
vantcomponentsn arealisticamountof time. Thesecond
assumptions moredifficult to achieze asmary proof steps
in programsynthesisare mere bookkeepingstepswhich
do not changethe proof statesubstantially Hence,invok-
ing the retrieval subsystenafter eachstepwould overload
it with an excessve numberof equivalentqueries. In the
higherorder framework, a substantialchangeamountsto
theintroductionof a nev meta-ariable,a conditionwhich
caneasily be checled automatically This obsenational-
lows usto invoke retrieval only whenappropriate.

2. Recastof the basictechnology
2.1 Deductive synthesis

Deductive program synthesisis basedon the Curry-
Howard isomorphism [7] or
paradigm which assertsthat a constructve proof of a
specificationis equivalentto a functional programwhich
is correctwith respectto this specification. A variety of
differentapproache$asbeeninvestigated(cf. [8] for an
overview). Here, we briefly describethe approachedy
Manna/Waldingerand Ayari/Basinwhich are the basisof
ourwork.

2.1.1.Deductive tableausin classicalfirst-order logics.
MannaandWaldinger[12] have arguedthatit is “too con-
strainingto carryouttheentireproofin aconstructvelogic”
and,moreover, thatit is sufiicientto restricta proofin clas-
sical logic to be constructve only whennecessary They
also developeda first-ordersynthesismethodologywhich
usesatwo-dimensionastructurecalleda deductiveableau
to represena proof state.

Eachrow in thetableawcontainsasinglesentencegither
asanassertioror asagoal,andoneor moreoptionaloutput
termswhich representhe programunderconstruction.In
theinitial tableau

| assertions goals [ f(a) |

Qla,f(a)] || 2

Ay

An

“proofs-as-programs”-

the only goal row containsthe skolemizedinput specifica-
tion Vz3z - Q[z, z]; thisis alsothe only row containingan
outputentry. All remainingrows are assertiorrows; they
containtheaxiomsAy,... , A, of thedomaintheory

Subsequenproof stepschangethe tableauor extendit
by new rows. The main proof rule is non-clausaresolu-
tion[11, 14] whichis similarto a caseanalysisin aninfor-
maldevelopmentndwhichaccountgor theintroductionof
conditionaltermsin the program.Non-clausatesolutionis
usedin severalalternatve versionsthe GG-versionshovn
hereresolhestwo goal rows with two unifiable quantifier
freesubepressions® andP’.

g1 [P] S
Ga[P'] t
G, f[false/P] || i f PO
A then t6
Go0[true/P'] || el se s6

The resolentis a new goalrow. Its goalis a conjunction
of both original goalsunderthe imageof the unifier 6 af-
ter replacingall occurrence®f P (P') by false (true); its
outputtermis ani f - t hen- el se-statementvith theuni-
fied subexpressiorPd asguardandthetwo original output
termst# andsé asbranchesTheotherversionsaresimilar.
Thecalculusalsoincludesrulesfor simplificationandsplit-
ting of assumptionsnd goals, skolemization,handlingof
equialencesand equalities,and a well-foundedinduction
ruleto introducerecursion.

The proof procesds completeif the tableaucontainsa
final row

| | true [ ¢ |

or, by duality,

| false | [t ]

provided that the outputterm ¢ is groundandbuilt up en-
tirely from primitive (i.e., executableunction symbols;¢
canthenbeextractedasthefinal program.

2.1.2.Re-interpretation of deductive tableausin higher-
order logics. Ayari andBasin[3] have pointedout that
theoriginal versionof deductve tableausufiersfrom some
inherenttechnicallimitations. Sinceproofsin the deduc-
tive tableausalculusare sequencermtherthantrees rules
that split a tableauinto multiple sub-tableausre not al-
lowed and must be encodedusing non-clausakesolution.
Non-clausalresolution, however, while acceptablein an
automatedprover, is particularly unfriendly in an interac-
tive context. Finally, the inductionrule mustbe usedin a
bottom-upway andthe useof afirst-orderlogic meanghat
reasoningaboutwell-foundednesss not possible,so that
terminationproofsmustpreceednduction.



To overcometheselimitations, Ayari and Basin usea
higherorderlogic asimplementedn theI SABELLE-system
[15]. 1saBELLE providesameta-logicin which objectlog-
ics may be encoded.Universalquantificationandimplica-
tion of the meta-logicare representedy A and =, re-
spectvely; iteratedimplication A = (B = () is ab-
breviatedby [ A; B] = C. Higherorderlogic is encoded
by formalizingconnectveslike A of typebool x bool —
bool andV of type(a — bool) — bool, wherea is atype
variablerangingoverall HOL types.

[3] describeghe developmentof somesynthesigroofs
usinghigherorderlogic. Ratherthantransformingheorig-
inal specificatiorinto atableauthey directly operateonthe
proofstate

A AN AR = SPEC

1) [Hinz; Hi] = Gi

m) [[,Hm,ﬁ

wheretheexistentialvariablesarereplacedy higherorder
meta-ariablesA; actingasplace-holderor programfrag-
mentst The tableaurows are replacedby the opensub-
goals. Eachsubgoalstill hasa single consequeng (i.e.,
goal in Manna/\Valdingers terminology) but may at the
sametime have an arbitrarynumberof hypothesegor as-
sertions)H; which mayincludefragmentsA;.

Non-clausatesolutionis replacedy higherorderreso-
lution which s applicableto two meta-formulae

[t1;.. 59m] = @
[¢15...500] = ¢

where ¢ higherorder unifies with ;. The resultfor the
unifier @ is thenew subgoal(i.e., row)

[910;... 59i10;010;. .. ;000591105 ... ;90] = 0

This gives us a naturalway to carry out programsyn-
thesisin a way consistentwith the Deductive Tableau
method. Proof developmentproceedstop-donn since it
startswith the antecedentdyut the presencef the shared
meta-\ariablesintroducesan elementof bottom-updevel-
opment.

The use of higherorder logic meansthat termination
proofsarealsopossiblewithin theframawork. Thisis done
via thefollowing rule for well-foundedinduction:

[Vz-(Vy-(y,z) € 7= P(y)) = P(z) ;wf(r)]
= Vz - P(z)

Notethatthe decisionasto which well-foundedrelation
is to be usedmay be delayeduntil lateronin the proofif r
is a meta-ariable. Only whenr is instantiatedt mustbe
shawvn thatwf (r) holds.

;Hm,nm]] = Om

1The useof meta-ariablesto delaythe choiceof existentialwitnesses
is alsoknown asmiddle-outreasoningatermcoinedby Alan Bundy

2.2 Deductiveretrieval

The purposeof software componentretrieval in gen-
eralis to identify andlocatepotentiallyreusableandidates
within a componentlibrary. This is a core taskin soft-
ware reuse: after all, componentshave to be found be-
fore they canbe reused. A wide variety of differentre-
trieval approachedas beeninvestigated(cf. [13] for an
overview); the approachediffer substantiallyin which
facetof a software component(e.g., documentationsyn-
tactic structure executionexamples)they usefor retrieval
and,consequentlyin the mechanismto establishpotential
reusability

However, only deductve retrieval can exploit exact se-
manticinformation specificto the components.The basic
ideais asfollows:

1. Eachcomponent is associatedvith a contract, a for-
mal specificationwhich captureghe relevant compo-
nentbehaior in the form of pre- andpostconditions,
e.g.,

run (1 : list) r : list
pre true
post 3! :list -l =1 1" A ord(r)

to computean orderednitial subsgment(i.e., run) of
alist.?

2. Contractsalsosene asqueriesy, €.9.,
proper-segment (1 : list) r : list
pre 1 # ]
post 31,1 : list -
l=llm7“ml2/\(ll ;é[]\/b?é[])

canbe usedto retrieve ary functionwhich returnsan
arbitrarycontinuougpropersublistof theargument.

3. For eachpossiblecandidaten thelibrary, a prooftask
is constructeadomprisingtherespectie pre-andpost-
conditions.

4. A candidatequalifiesif andonly if the validity of the
associatethskcanbeestablishedysuallyusinganau-
tomatedtheoremprover.

Hence,the approachretrieves proven matchesonly. The
exactnatureof componenteuseis determinedy the exact
form of the proof tasks. The mostcommonform is plug-in
compatibility

(pre, — pre,) A (pre, A post, — post,) ()

which supportsblack box reuse—retriged components
may be reused‘as is”, without further proviso or modifi-
cation.Othertaskvariantssupportwhite box reusebut then

2~ denotedist concatenatior,] theemptylist, [i] asingletonlist with
item 7 andord is auserdefinedpredicate.



manualchecksor codemodificationsarerequiredin order
to guarante¢he applicabilityof theretrievedcomponents.

Themainproblemin deductveretrievalis thelargenum-
berof emeping proof tasks.Naive generate-and-preim-
plementationdrown ary prover, but recentefforts shav
how to circumwent this problem[18, 17, 5. We assume
that our integratedtool usesa retrieval systemsuch as
NORA/HAMMR [18] in whichapipelineof filters of increas-
ing deductve strengthare usedto pruneaway proof tasks
associateavith non-matchingcomponentsvhilst maintain-
ing abalancebetweerfastresponsendhigh precision.Ex-
perimentakvidenceshavsthatthis makestheretrieval task
tractable.

3. Benefitsof integration

Purecomponentetrieval is basentheassumptiorhat
thelibrary alreadycontainssolutionsto the query In gen-
eral, however, this assumptionis not true. Components
usually needto be modified beforethey satisfythe query
specificatior{16]. Supposehataquery @ hasnomatching
componentsn the library but thata partial solution C' can
beretrievedif we relaxthe matchingrequirementse.g.,by
droppingpreconditions.The problemthenis how to adapt
C toacompletesolution.

Penix[16] describesan adaptatiorframenork in which
softwarearchitecture$6] areusedto adaptC' to satisfy @
by building a wrapperaroundC or composingC with an-
othercomponentD. A limitation of this framework is that
it is basedentirely uponretrieval. D mustalso be avail-
ablein thelibrary. If thisis not the case therecould bea
potentially infinite numberof iterationsto searchfor new
componentsD, D', D", . ...

By integratingdeductve synthesidnto this framework,
theusercouldinvoke a sequencef synthesistepgo carry
outtheadaptationindeed,t maybethatafterasmallnum-
ber of suchsteps,the specificationis refinedto the point
wherelibrary componentsnatchagainstit. We illustrate
this proces®n anexampletakenfrom [16, p. 94].

Thetaskis to constructa functionfind which givenallist
of recordsanda naturalnumberwill returnarecordwhose
key field hastheintegerasits value.A problemspecification
for find is asfollows:

Ve:ree-list,k:N- 7F(c, k) € c AN7F (¢, k).key =k

where? F' is ahigherordermeta-\ariable.Supposehatour
library containghe binary searclcomponent:

bsearch (1 : rec-list, k : N) r: rec

pre rec_ord(l)

postr €l A r.key =k

whererec_ord is the usuallist orderingpredicatespecial-
izedto lists of records.

Clearly, thepostconditiorof bseach satisfieghespecifi-
cationfor find but thepreconditiordoesnothold. However,
bseach canstill be retrieved by using the wealer match
conditionalcompatibility.

(prebsearch A pOStbsearch) — pOStﬁnd

Thistellsusthatbseach is a partialsolutionto theproblem.
To obtaina completesolution, we needa sorterwhich is
thencomposedvith bseach. Thisis capturedormally by
defininga compositionarchitecture composingtwo com-
ponents? A and?B sequentiallyinto a compositesystem
?7C":

2Cin (2)AN? Aoyt (2, YA Boui(y,2) = 7Cout(x, 2)
?Azn,(l')/\?Aout(-T7 y) — ?Bm (y)

By instantiating? B with bseach, a specificationfor the
missing sorter can be obtained. At this point [16] could
fail—if thereis no sorterin the library, thenthe system
cannotbe completed. It may be possibleto retrieve near
matchesonceagainandrepeatthe processhut thereis no
guaranteehatthis processwill terminate.

We proposethat once bseach is retrieved, the user
shouldbegin to derive the sorterusing deductive synthe-
sis ratherthan relying on further retrieval steps. In our
framework, the useof the compositionalarchitecturecor-
respondsto a partial instantiationof ?F, ?F(c,k) =
bsearch(?S(c), k) where?S is a meta-\ariablerepresent-
ing the sorter Note thattherearetwo designdecisionsto
be madehere. First, the exact instantiationof ?F needs
userinteractionto specify for example,which parameters
7S takes. Secondthe usermust(aswith [16]) choosean
architecture. To extract a specificationfor 7.5 within the
synthesigramework, theremustbea pre-definedacticthat
usesthe definition of the architectureas a lemmaandin-
vokes theoremproving tacticsasin [16]. Applying such
tacticswould resultin thefollowing proof subgoal:

bsearch(?S(c),k).key = k A bsearch(?5(c), k) € ¢
A perm(e,75(c)) A rec_ord(?5(c))

Thelasttwo conjunctggive a specificatiorfor the sorter
(where perm is introducedby resolving againsta back-
groundtheory)andcanbe usedto synthesizesarioussort-
ing algorithms. We shov how to synthesizequidksort in
the next section.In fact, our presentatiorthereshovs how
to make furtheruseof a componentibrary during synthe-
sis by retrieving auxiliary functionsusedin the definition
of quicksort This exampleshavs how to combinededuc-
tive synthesisand retrieval in the context of software ar-
chitectures. This combinationalleviatesthe dravbacksof
retrieval (whatto doif nothingis retrieved?)andsynthesis
(how to raisethelevel of granularityof synthesis?).



perm([],[])

permly,b) 2z €l &>z €

perrr(l{‘lz, tlmtz) A nd perrr(llm[a]”b, t{‘[a]”tz)
ord([])

ord([a])

ord(a::b::1) > (a < b) A ord(b::l)

minl(a,[]).

minl(a, b : :l) & o < b Aminl(a, ).

max(a,|[]).

maxla, b ::l) < a > b Amaxia,l).

Figure 1. Background theory (cf. [10, 3])

4. Extracting queriesfrom synthesisproofs

In this sectionwe describehow we integratedeductve
componentetrieval into deductve programsynthesis.We
assumethat synthesisis done interactvely in the typed,
higherorderframavork of [3] andthatretrieval is doneau-
tomatically Thesynthesistepsstill drivetheintegratedde-
velopmenfprocess—theserappliesinferencerulesor tac-
ticsin thenormalway; retrieval stepsareinvokedeitherau-
tomatically wheneer it seemsgromising,or interactvely,
i.e., underexplicit usercontrol. The usermay chooseary
subsetof the retrieved componentsand usethemto close
subgoals.If therearestill opensubgoaldeft, he hasto go
onwith theapplicationof furthertacticsandthe processe-
peats.If nocomponentganberetrieved,the userre-gains
controlimmediatelyandcontinueswith the proof process.

Note that the integration can only be semi-automatic
evenif retrieval works fully automatically Integratingre-
trieved componenténvolvesa numberof majordesignde-
cisionsthat mustbe resohed by the user Theseare high-
lighted in the following text. Even so, thereis greatpo-
tential for retrieval to bypasamary theoremproving steps.
Auxiliary functionsynthesignayrequireproofsthatareas
or more complicatecthanthe top-level function synthesis.
This effort canbe eliminatedalmosttotally by integrating
deductveretrieval.

The coreof our integrationis an algorithmwhich auto-
maticallyextractsretrieval queriedrom the synthesigproof
state. Each meta-ariablein the proof staterepresenta
programfragmentwhich musteitherbe synthesizear can
alternatvely be retrieved. Hence,eachtime a nev meta-
variableis introduced therearefurther possibilitiesfor re-
trieval and so we extracta (pre, pos)-conditionspecifica-
tion whichis thensubmittedo theretrieval system.

In thefollowing we will illustratethevariousstepsn the
gueryextractionalgorithmby synthesizingquicksort from

the standardspecificatiod

Vi - perm(l,?S1)) A ord(?(1))

of agenericsortingprogramoverabackgroundheorycom-
prisingpermandord asspecifiedn Figurel. Following[3],
theinitial ISABELLE proof stateis:

A = V- perm(l,?91)) A ord(?S1))
1. A=Vl perm(l,?Y1)) A ord(?S))

Here,andin the generaframenork of [3], therearein fact
two kinds of meta-ariables:

e Accumulatowvariablesuchas.A whichrangeoverfor-
mulasandhold a possiblyincompletedefinition of a
synthesizedunction.

e Propermeta-ariablessuch as ?S which range over
lambdatermsandrepresena partof the outputof the
desiredprogram. Only suchmeta-ariablesarerele-
vantin retrieval. Henceforthary referenceso meta-
variablesexcludeaccumulatowvariables.

For clarity of explanation,we presenthe queryextraction
algorithmin several stages Eachstagemakesa numberof

assumptions@boutthe currentproof state; someof these
assumptionswill be removed or further explainedas we

progress.Supposdhatthe currentproof statecomprisesn

opensubgoalsS; andthatwe wantto retrieve codefor each
of thei,, meta-\ariables’ M;;, 1 < j < iy, in S;.4 Thenthe
assumptionareasfollows:

1. Foreachi, j, all occurrencesf ? M;, appeain conse-
guentsof the opensubgoals.This restrictionwill not
be lifted in this paperbecause meta-ariablewhich
occursbothin theantecederindconsequentf asub-
goalinducesarecursve queryspecification.

2. For eachi, j, all applicationsof ?M;, are identical
(moduloa-corversiononthemeta-level),i.e.,for each
occurrenceof ?M;;, the parameterof ?M; are the
same. This restrictionwill not be lifted in this paper
dueto spaceaestrictions.

3. Thereis no meta-ariablethat appearsn more than
oneopengoal,i.e.,thesetsM* = {?My;:1 <j <}
aredisjointfor 1 < 7 < n. This restrictionwill be
lifted in Section4.4 below.

4. Thereis only a single meta-ariablein eachsubgoal,
i.e.,for eachi, M* is asingleton.This restrictionwill
belifted in Section4.3below.

3We omit typesfor sale of clarity.
“Notethattheremaybe othermeta-ariablesin the prooffor whichwe
donotwishto retrieve code.



5. For eachi, 7, all occurrencesf ?M;, aresimple,i.e.,
all its argumentsare distinct object-level variables.
Thisrestrictionwill belifted in Section4.2below.

The basicstepsof the algorithm,however, arethe samein
all cases.

1. Unskolemize all occurrencesof the selectedmeta-
variable(sy M.

2. Formaheadeffor theretrieval query

3. Derive the querypreconditionfrom the antecedenof
thesubgoal(s)S.

4. Derivethequerypostconditiorfrom theconsequenbf
thesubgoal(s)S.

5. Searchthecomponentibrary.

6. Instantiate€? M in the proof state.

We illustratethesestepsusingthe quicksortexample.
4.1 The basealgorithm

In this sectionwe tackle the casein which all of our
assumption$old, i.e., thereis a single meta-ariablecon-
finedto simpleidenticaloccurrences a singleopengoal.
Following [3], the initial proof stateis refinedto the one
given in Figure 2. This new proof stateis obtainedby
applyinginductionon the well-foundedordering? R, fol-
lowed by a caseanalysison /. Theinductionrule instanti-
atestheoriginal meta-\ariable?Swith the partialdefinition
for gsort andintroducesa nenv accumulatovariable Ay ;
thisis recordedn the bindingfor theaccumulatowvariable
A. The caseanalysisintroducestwo nenv meta-\ariables
7T and?F which automaticallytriggersthe queryextrac-

tion algorithm.However, only ? T' satisfiesll assumptions.

Wethusselectthefirst subgoato furtherillustratethealgo-
rithm.

The initial algorithm stepis unslolemization,i.e., the
meta-ariableapplication? T'(1) is replacedby an existen-
tially quantifiedobject-level variabler. The consequenof
thefirst subgoathenbecomes

Ar : list - perm(l, ) A ord(r)

This step reverts the initial introduction of the meta-
variableswhich canbe consideredsskolemization;it also
introducesa nameby which the componengresultcanbe
referencedvithin thefirst-orderquery

The queryheaderis easyto form. We just combinean
arbitrarynamefor the componenwith the input variables
andtheoutputvariableobtainedby unslolemization.If the
occurrencef themeta-\ariableis simple,its agumentsare
preciselytheinput variablesfor the query Thetypesof the
variablesare easily obtainedfrom the currentproof state.
Thequeryheadeffor ourexampleis:

query (1 : list) r: list

The third stepis to derive the query preconditionfrom
the subgoalantecedent.The strongestpossibleprecondi-
tion is the conjunctionover the entire list of hypotheses.
However, someof themmay be unfit or irrelevant for re-
trieval purposesWe thuseliminateaccumulatowariables,
literals which containmeta-\ariablesother thanthe meta-
variableinvolvedin retrieval, andliteralswhich containno
freeoccurrencesf theinputvariables Hypothesielimina-
tion is pragmaticallymotivatedout semanticalljustifiedby
thewealeningrule (A = C) = ([ A; B] = C) which
is atheorenof ISABEL LE'Smeta-logic.In theexample hy-
pothesiseliminationleaves! = [ ] astheonly (but already
ratherstrong)precondition.

Due to the unslolemizationstep, the subgoals conse-
guentessentiallyforms the first-orderpostconditionof the
guery Only someminor “cosmetic” modificationsare still
required. We drop all (universalmeta-level) quantifiersof
theinputvariablesandthe existentialobject-level quantifier
introducedby unslolemization. In the example,the post-
conditionis therefore

perm(l, r) A ord(r)

Thevariablesdonotremainfree,however;they arerebound
universallyduringthe constructiorof the prooftask.

Thecompletequeryis now

query (1 : list) r: list
pre I =]
post pern(l, r) A ord(r)

which can be submittedto the retrieval subsystem. Let
usassumehatour library containstwo componentsvhich
constructand copy lists, respectrely. Thesecomponents
may involve ary non-trivial amountof administratve over-
head(e.g., memory managementput we further assume
thattheir specifications

list :: constructor () r' : list
pre true
post ' =[]

and
copy (1" : list) v’ : list
pre true
post ' =1’

only reflecttheir basicfunctionalities. Let us alsoassume
that both componentgassedhe early filter mechanisms
of the retrieval system. The final retrieval stepis an “all-
out match”, i.e., an attemptto prove that the components
actually satisfythe query The full proof task consistsof
(1) alongwith parametequantificationandidentification.
Hence the prooftasksfor list :: constructor andcopy are



Vi-qsort(l) = if l =[] then ?T(l) else 7F(hd(l), t1

(D) A A

— V1 - perm(l,qgsort(l)) A ord(gsort(l))
1. ALl-[Vt-{t,1) €?7R — perm(t,qgsort(t)) A ord(gsort(t)); A1;1 =[]]

= perm(1,?T (1)) Aord(?T(1))

2. AL-[Vt-(t 1) €?R — pern(t,gsort(t)) A ord(gsort(t)); A1;! #[]]

= perm(l, ?F(hd(l), t1
3. wf(?R)

())) Aord(?F(hd

(1), +1(1))

Figure 2. Proof state after induction and casesplit.

respectiely:

Vi,r,r':list-r =1 —
((I=1]— true)
ANl =[]Ar" =[] — pern(l,r) Aord(r)))
VLU, r,¢7' :list-l=1U'Ar=1r"—
((l =[]— true)
Al =[]Ar" =1 — perm(l,r) Aord(r)))

Both taskscan easily be proven by an automaticfirst-
ordertheoremprover suchas spPass [23], i.e., both com-
ponentsareretrieved. Note thatthefirst taskis valid even
thoughtheconstructorssignaturadoesnotmatchthequery
Thefinal selectionof oneof the (in generalmary) retrieved
componentss oneof themajordesigndecisiondn integra-
tion which cannotbe automated.lt is similar to the selec-
tion of oneof the (possiblyinfinity numberof) higherorder
unifiersin [3].° However, in our caseit may alsobe based
onthenon-functionabkspectge.g.,memoryor performance
characteristicspf the componentsAssumewe thuschose
to instantiate? T with copy. The gsor t -fragmentthen
becomes

gsort(l) = if | =[] then copy(l) else 7F(hd(l),t1(l))

In this casethe primaryreuseeffectsarerathersmallasthe
instantiationof ? 7" with copy sases no proof stepsover
the direct solution?T = Az - [] asdonein [3]. How-
ever, therearestill secondanbenefits. Using the explicit
library componentnsteadof the“inlined” Az - [] improves
the adaptabilityof the synthesizeghrogram.If for example
thelists arerefinedinto arraystherefinemenproof canbe
restrictedo thespecification®f theactualcomponentsnd
theoriginal synthesigproof neednotto berepeated.

4.2 Signature cleaningand signature matching

If all meta-ariablesare simple (cf. assumptiorb), the
identificationof the query’s input variablesis trivial. This

5E.g.,list::constructorandcopycorrespondo two solutionsof thecor-
respondindnigherorderunificationproblem? F([]) = [].

assumptiorrarely holdsandsowe will lift it here. We try

to construcenappropriatelycleanedsimpleapproximation
of the still unknavn componensignature.Here,we apply
abstiaction i.e., we replacenon-variableobject-level terms
by freshvariablesandmove the original instantiationqvia

lifting) into the hypothesesuchthat they canbe usedas
additionalpreconditionsvhich reflectthe restrictedcalling

pattern.For example thesubgoal

Al-H = p(?F(hd(l),t1(])))
becomes

AL i,m-[H;i=hd(l);m =t1(])] = p(?F(i,m))
Abstractiondoesnot introducenew meta-ariablesbut (of
course)new meta-quantifieadbject-level variables. Let us
illustratethis onthe quicksortexample.Consideithe proof
statein Figure 3 where?F' hasbeeninstantiatedwith the
characteristicecursve gsort -call and?L; and?L, rep-
resentthe yet unknowvn partitions® Let us alsotemporar
ily assumehat? L, will beinstantiatedvith anappropriate
functiongr eat er in orderto meetthefourth assumption.
After abstractionand somesimplificationsdue to this in-
stantiationthe subgoabecomes

= pern’(m 7L1(z m)
Amax(i,?Ly (i, m))

— +10)]

greater(i7 m))

Fromthis subgoalthe queryspecification

query (4 : item, m : list) r: list

pre 1 Z[]A4="nd(l) A m=1t1(l)

post perm(m, r ™~ greater(s, m)) A max\i, r)
canbe extractedasbefore. Note thatthis specificatiorstill
containgheoriginal, non-abstractedariablel which hasto
be bounduniversally during the constructionof the com-
plete proof task to retain correctness. Before it can be
checled againsta library candidatewith a differentsigna-
ture

SHerewe omit subgoalsvhichexclusively dealwith terminatiorissues,
e.g.,(3)in Figure3.



Vl-qsort(l) = if | =[] then copy(l) else gsort(?L; (hd(l),t1(l))
~hd(l)]~gsort(?Ly (hd(l),t1(1)) A Ay
— V- perm(l,gsort(l)) A ord(gsort(l))
1. Al-[Vt-(t, 1) €?R — pern(¢t,qgsort(t)) Aord(gsort(t)); A1; 1 #[]]
= perm(t1(l),?Ly (hd(l), t1(l))™?L2(hd(l),t1(1))) A
minl(hd(l), ? Lo (hd (1), t1(1))) A maxkhd(l), ? Ly (hd(l), £1(1)))

Figure 3. Proof state after instantiation of recursive call.

lesseq (I' : list, i : item) 7' : list

pre true

postVj : item -

JeEV NG <i' = #(,1") =#(,r)

(where#(z, k) returnsthe numberof occurrencesf z in
k), the signatue mismatt hasto be resohed: a straight-
forward matchingwould identify a list-parametewith an
itemparameteandthusrenderthetaskunprovable.Signa-
ture matchingcanexploit typeinformationto preventsuch
situations.[4] developsan approactbasedon constructve
isomorphismsof A-termswhich fits well into our higher
orderframework.

Ultimately, the signatureof an auxiliary functionis the
resultof adesigndecision;in [3] aspecial‘two-placedvari-
ant” of theinductionrule is usedto introducel esseq and
gr eat er astwo-placefunctions.Ourtechniqueganthus
only be anapproximation.If they fail to retrieve a match-
ing componentthe userhaseitherto provide a different
call patternby partially instantiatingthe meta-\ariable,as
in [3], or—in the worstcase—tare-synthesiz¢he missing
component.

4.3 Multiple meta-variables

Our fourth assumptiorstatesthat thereis only a single
meta-\ariablein eachopensubgoal.ln generalthis restric-
tion is alsounrealisticbut it canfortunatelybe lifted rela-
tively easily We still assumehatthe meta-\ariablescannot
be sharedacrossubgoals.

All meta-ariablesareunslolemizedasnormal.A query
is thenformedfor eachmeta-ariable? M;, , ... ,7M;, un-
der consideration.To form the postconditionof the query
for ?M;,, we remove the existential quantifierover ? M;,
only. Thismeanghatthe othermeta-ariablesemainexis-
tentially quantified.

Section4.2 describeshow to retrieve | esseq from
the proof state,assuminghatgr eat er hasalreadybeen
found. Considewhat happensf we try to retrieve for the
meta-\ariables? L; and? L, simultaneouslyWe obtaintwo
gueriescorrespondindo 7 L; and? L, respectiely:

query-1 (i : item, m : list) ry : list
pre 1 #[]A4=nd(l) Am=t1(l)
post 37y : list - perm(m, 1™ 13)
A minl (i, r2) A mazl(i, )

query-2 (i : item, m : list) ry : list
pre 1 #[]A4=nhd(l) Am=t1(l)
post A7y : list - perm(m, r 1)
A minl(i,72) A maxl(i, )

The componenspecificatiorfor | esseq givenin Sec-
tion 4.2 and a similar specificationfor gr eat er match
thesequeries.Therearepotentiallya large numberof other
componentghat would also matchthe queries,however.
The key insight is to notice that the instantiationsof the
two meta-ariablesmust be satisfiedsimultaneously Us-
ing the two queriesindependentlywould thereforebe un-
wise. For example,considettwo simplerquerieswith post-
conditions:

Ary : list - perm(m, " 1ra)
Ary : list - perm(m, r1™ 1)

Eachqueryusedindependentlyvould retrieve, amongst
other things, list::constructor  Clearly, however, this in-
stantiationcould not satisfy both queriessimultaneously
We thus follow a different approach. The idea is that
given a list of queries, @1, ..., @, for meta-ariables
My, ..., 7 M, we use @; asafilter for Q;y1,..., Qm.
Thelibraryisfirst searchedising @, whichretrievesanum-
berof possibleinstantiationdor ?M;. Next, thelibrary is
searchedising (> but the existentialvariablein Q- corre-
spondingo ? M is instantiatedvith library componentse-
trievedin the previous step. Eachpossibleinstantiationfor
?M, is checled. Any instantiationfor which thereareno
componentsnatchingthe secondqueryaredropped. This
processs repeatechndthe endresultis a setof instantia-
tionssatisfyingall queries.Notethatthis setcouldbe sub-
stantiallysmallerthanif thequerieshadbeenusedindepen-
dently.

In the quicksort example, the first query retrieves
| esseq. After substitutingthis in the secondquery we
get:



query-2 (i : item, m : list) r : list

pre I #[]A4=hd(l) Am =1t1(])

post perm(m, lesseq(i, m) ™~ 12) A minl(i, r2)
Notealsothatthethird conjunctin thisqueryhasbeenelim-
inated. This is the resultof a post-processingtepwhich
removesary conjunctswhich no longercontaineitherthe
outputvariableof the queryor ary existentially quantified
variables. Since suchconjunctsappearin the first query
wherethey wereprovedto hold with theappropriaténstan-
tiation, they mustalsohold in the secondqueryunderthis
instantiation.Sothey canberemovedfrom consideration.

This second query can now be used to retrieve

gr eat er. In [3], thesynthesi®of | esseq andgr eat er
hasto bedoneby aninductive proof. Thisinvolvessubstan-
tial time andeffort on behalfof theuserwhich canbesaved
by usingdeductve retrieval.

4.4. Meta-variables shared across multiple open
subgoals

The third assumptiorstatesthat eachmeta-\ariableap-
pearsin a uniqueopensubgoal. Thereare (at least)two
solutionsto this problem. Thefirst is to form a new query
for eachopensubgoalwithin which the meta-ariableap-
pears.Sincethesequeriesmustbe satisfiedsimultaneously
eachquerycanbe usedasa filter for the next queryin the
sameway aswasdoneabove. Alternatively, we could ex-
tract a single query from all the opensubgoals. Suppose
thatthereare opensubgoalsGy, ... , G, andthatwe can
useour methodgo extractpre-andpost-conditiongor each
G;. Thenasinglequeryextractinginformationfrom all the
subgoalss:

fullquery (...)
pre preg V ---V pre,
post (pre; — posty) A ... A (pre, — post,,)

What are the trade-ofs of thesetwo approaches?his
guestioncanbeansweredn termsof the shapeandnumber
of the correspondingproof obligations. Ignoring the pre-
conditions(sincetheseinvolve easyproofs),let uslook at
theobligationsbhasedn matchinghequeryandcomponent
postconditionsfullquery givesriseto asingleproofobliga-
tion for eachlibrary componenbut this obligationis rather
large. In the separatequery case,thereare, in the worst
casenk proofobligationswheref is thesizeof thelibrary.
Eachlibrary componentustbe checledto matchwith the
postconditiongor eachG;. In practice,however, mary of
thesematcheswill fail. If a matchfor alibrary component
fails, this componentanbe eliminatedfrom consideration
andmatchesolongerneedio bechecledfor theremaining
G;. Hencetherewill in all likelihoodbesubstantiallfewer
thannk matchobligations.Also, the proof obligationswill
be muchsmaller In this contet, it is unclearwhetherit is
easierto handlea large numberof small proofsor a single

large proof. Hence furtherexperimentsarerequiredto de-
terminewhichis the betterstrateyy for deductve retrieval.

5. Relatedwork

Manna and Waldinger have already shovn [12, Sec-
tion VII] thatin theorya notion of componenteusecan
easilybebuilt-into deductve tableausTheinitial tableaus
justextendedby rows containingthe specificationgor even
theimplementationsdf thelibrary componentsaisassump-
tion. Theserows canthenbe usedin the derivationprocess
thesameway asthe usualaxiomsof thebackgroundheory
This idea can be translatedin a straightforvard way into
Ayari andBasins higherorderre-formulationof deductve
tableau.

In practice,however, this simpleideahassevere disad-
vantages. In a fully automaticsynthesissystem,the ad-
ditional rows significantly extendthe searchspace. In an
interactve synthesissystem,finding the right component
specificatiorfor aresolutionstepis left to the human;how-
ever, sincethis is exactly the original componentetrieval
task,nothingis gained.

The AMPHION system [22] follows the Manna-
Waldingerapproacho combinesynthesisandretrieval but
works in the very domain-specificsettingof astronomical
subroutines. AMPHION is successfubecausef this do-
mainrestrictionandbecaus¢he synthesigyranularityis ac-
tually fairly small—eacHine of specificatioryields,on av-
eragepnly threelinesof code. Theintegrationwe propose
is farmoregeneral.

TheKIDS system20] providessomedegreeof integra-
tion of synthesisandretrieval in the sensehatabstracial-
gorithmscanbe pre-definecasschemasvhich arethenre-
usedin later synthesigproblems. We believe thatthe ben-
efits of integrationwill only be realizedif conciete algo-
rithm re-useis alsoenabledKIDS hasafacility for reusing
concretecomponentssia a processfor deriving specifica-
tion morphismsusing unslolemization[21]. Thesemor-
phismscanbe appliedto existing componentgo produce
new operatorge.g.,to derive a compositionoperatorfrom
a decompositioroperator). However, the choiceof source
componentnustbe donemanually i.e., theretrieval prob-
lem emegesin the sameway asin the Manna/\aldinger
approach. [19] hints at how to integrate automatedre-
trieval into CYPRESS,a KIDS-predecessor The tactic
oper at or _mat ch attemptsto matchsynthesissubgoals
to predefinedbperators.However, the tacticis appliedex-
haustvely andso doesnot scaleup to largercomponenti-
braries.By incorporatinghe pre-filters(cf. Section2.2)we
overcomethis scalability problem. [19] alsofails to con-
trol whenoper at or _mat ch is applied. We choseto in-
tegrateour retrieval techniques$nto the higherorderframe-
work becauseheintroductionof nev meta-\ariablesyields



acorvenientotionof whatconstitutes substantiathange
of proof state,and hencea control on whento attemptre-

trieval. However, our approactis in principlealsoapplica-
ble to schema-basesynthesis.

Our own prior work on deductve retrieval clearly
demonstratethe necessityandfeasibility) of a highly op-
timized retrieval system. An experimentusingmorethan
100 list processingcomponentgcomparableo the auxil-
iary functionsusedin the quidksort example)shaved the
following resultsaveragedover approximatelyl 20 queries
of different granularity The averagenumberof match-
ing componentsvas 15.45 with a standarddeviation of
o = 22.82; however, in more than 27% of the queries,
only a singlecomponenmatched.In the latestversionof
NORA/HAMMR, early pre-filtersrejectalmost75% of the
invalid proof taskswithin approx.20 secondger query;
subsequenpreprocessingtepsimprove the averageproof
timesby a factorof 1.5-3,dependingon the prover. The
averageresponsdime per querythusdropsby a factor of
almost3. At the sametime, therecall(i.e., prover success
rate)improvesfrom 30-60%to 60—85%,againdepending
ontheprover. If we putall thesenumberdogetherit means
thatthe averageexpectedime to retrieve thefirst matching
componenfwhichis sufiicientfor synthesisfiropsfrom 19
minutesto 3.5minutes.

6. Conclusion

In this paperwe have presente@nintegrationof deduc-
tive retrieval into a deductve synthesisystem.Thekey to
a practicalintegrationis to identify promisingproof states
whereretrieval canbeapplied. This avoids overloadingthe
retrieval subsystemwith anexcessie numberof redundant
gueries.Experimentshaw thata specializedetrieval sub-
systemis requiredto overcomethe infeasibility of a naive
“all-out match”.

Thereare three main advantagedo integration. First,
the numberof interactve proof stepsis substantiallyre-
duced;in the quicksortexample,retrieval of the auxiliary
functionssarestwo complex inductive sub-proofs Second,
the granularitylevel of synthesiss raisedfrom language
constructgo componentsFinally, integrationsupportshe
adaptatiorof retrieved“nearmisses’andthusovercomes
major problemof pureretrieval systems.
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